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Abstract

A Body Area Nano-NETwork represents a system of biomedical nano-devices
that, equipped with sensing, computing, and communication capabilities, can
be implanted, ingested, or worn by humans for collecting diagnostic information
and tuning medical treatments. The communication among these nano-devices
can be enabled by graphene-based nano-antennas, which generate electromag-
netic waves in the Terahertz band. However, from a perspective of the electro-
magnetic field propagation, human tissues generally introduce high losses that
significantly impair the communication process, thus limiting communication
ranges. In this context, the aim of this contribution is to study the commu-
nication capabilities of a Body Area Nano-NETwork, by carefully taking into
account the inhomogeneous and disordered structure offered by biological tis-
sues. To this end, the propagation of Pulsed Electric Fields in a stratified media
stack made up by stratum corneum, epidermis, dermis, and fat has been care-
fully modeled. First, electric and magnetic fields, as well as the Poynting vector,
have been calculated through an accurate Finite-Difference Time-Domain dis-
persive modeling based on the fractional derivative operator. Second, path loss
and molecular absorption noise temperature have been evaluated. Finally, chan-
nel capacity and the related transmission ranges have been estimated by using
some baseline physical interfaces. Moreover, the comparison with respect to
reference values already available in the literature is presented too. Obtained
results clearly highlight that new research efforts are needed to ensure the consid-

ered communications due to the severe impairment suffered by electromagnetic
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1. Introduction

Medical applications continuously evolve thanks to technological advance-
ments. For instance, thanks to the numerous contributions of Information and
Communications Technology (ICT), it is now possible to envisage a pervasively
monitoring of biological functionalities of people through a network of on-body
sensing devices, forming a Body Area Network (BAN), and to support ad-
vanced healthcare services, ambient assisted living, sport training, streaming,
emergency, computer vision, wearable health monitoring, sleep staging, and
telemedicine applications [I} 2 3]. Instead, more recently, the innovation process
triggered by the nanotechnology is laying the foundation for a substantial rev-
olution of healthcare monitoring systems, by collecting biological data directly
from the inner human body, i.e., by using nanometric sensing units. In fact, it
is foreseen that biomedical nano-devices can be implanted, ingested, or worn by
humans for collecting diagnostic information (e.g., the presence of sodium, glu-
cose, and/or other ions in blood, cholesterol, as well as cancer biomarkers and
other infectious agents) and for tuning medical treatments (e.g., administration
of insulin and other drugs through under-skin actuators) [4, [5] [0, [7]. Given
the limited size of nano-devices (i.e., in the order of hundreds of nanometers),
the resulting networked system is generally referred to as Body Area Nano-
NETwork (BANNET) [8 @].

The literature, already demonstrated the communication feasibility at the
nanoscale by the adoption of graphene-based nano-antennas generating electro-
magnetic waves in the Terahertz band (i.e., from 0.1 THz to 10 THz) [10] [I1].
When considering the propagation in the air medium, Terahertz communica-

tions reach very high physical data rates (i.e., more than 1 Tbps) and trans-
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mission distances in the order of few tens of millimeters [12] 13]. Human tis-
sues, instead, introduce high losses that significantly impair the communication
process, entailing lower physical transmission rates and lower communication
ranges [I1], 14, [15]. There exist, in fact, many phenomena (like absorption by
molecules and scattering by different kind of cells) that make the propagation
of electromagnetic waves extremely challenging in this kind of media [16].

In this context, it is widely recognized that the electromagnetic field propaga-
tion inside biological tissues is significantly influenced by a disordered structure
at both macroscopic and mesoscopic scale, which provokes a variability of the
dielectric permittivity in both spatial and frequency domain. What however re-
mains surprising is that at the time of this writing, and for the best of authors’
knowledge, all the available studies (including those presented in [I1], [14], and
[15]) simply focus on a non-dispersive and spatially homogeneous medium (like
skin, blood, or fat). Accordingly, the presented findings may be quite different
with respect to the actual ones.

Based on these premises, the present contribution provides an important
step forwards for the state of the art, by formulating a more accurate study of
in-body electromagnetic communications, which carefully considers the impact
of a dispersive model of human tissues. Specifically, the novelty of this paper
is the development of a sophisticated channel model, that takes into account
the spatial dependence of the skin permittivity has been modeled by means of a
stack of different homogeneous media. This represents the novelty The reference
use case addressed in this paper is depicted in Figure[l] It assumes the presence
of two communicating nano-devices: the source node is located outside of the
arm, but directly attached to the human body; the destination device, instead,
is implanted inside the body.

In summary, the conducted study aims at characterizing the Pulsed Elec-
tric Field (PEF) propagation in a stratified media stack made up by stratum
corneum, epidermis, dermis, and fat. First of all, an accurate Finite-Difference
Time-Domains (FDTDs) dispersive modeling based on the fractional derivative

operator, has been used to (i) numerically solve the Maxwell’s equations di-
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Figure 1: Sketch of the investigated use case.

rectly in the time domain and (ii) to calculate the electromagnetic field and
the Poynting vector as a function of the time and the distance between source
and destination devices. Second, the losses due to both spreading and absorp-
tion processes, as well as the molecular absorption noise temperature, have been
evaluated in the frequency domain as a function of the distance between commu-
nicating node pair. Finally, reference transmission schemes recently conceived
in the context of nanoscale communications [I2] have been used for estimating
communication capabilities in a BANNET, in terms of channel capacity and
related transmission ranges. The comparison with respect to reference results
already available in the literature (i.e., those reported in [II],[14], and [I5])
and referring to homogeneous media has been also provided. Obtained results

demonstrate that:
e the channel capacity reduces in human tissues in comparison with the air;

e achieved results significantly differ from those available in the literature
and obtained by considering a simplified model for human tissues, based

on homogeneous media;
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e a physical data rate in the order of Terabit per second can be only reached

for transmission ranges less than 2 mm,;

e when the distance between source and destination nodes exceeds 9 mm,
communication capabilities are extremely impaired (i.e., the physical data

rate is lower than 1 bps).

To conclude, the rest of the paper is organized as it follows. In Section 2] the
accurate PEF propagation model related to the stratified media stack, the re-
sulting path loss, and the molecular absorption noise temperature are presented.
The procedure used to evaluate the channel capacity and the related transmis-
sion ranges, as well as obtained results, are discussed in Section Finally,

Section [d] draws the conclusions and presents some future research activities.

2. Terahertz propagation model

The modeling of PEFs propagation in biological tissues has become a topic
of increasing interest for research activities in bioelectric, a new interdisciplinary
field combining knowledge of electromagnetic theory, modeling and simulations,
physics, material science, cell biology, and medicine [I7, I8, [19]. In particular,
beside a variety of therapeutic and diagnostic applications, the feasibility of
PEF's and transient phenomena, in radio frequency, mm-wave, and Terahertz
band, could be successfully applied in the field of remotely-powered implantable
devices to calculate the range of frequency optimizing the trade-off between the
received power and tissue absorption [14] 20].

Generally, the complex heterogeneous, inhomogeneous and disordered struc-
ture of biological tissues at both microscopic and mesoscopic scale results in a
frequency dispersion of the macroscopic dielectric response. As a consequence,
accurate theoretical models and simulation tools are essential to model realis-
tic PEFs propagation, loss values, temperature changes, current densities and
pathways inside the biological media over broad frequency range [211 22| 23].

Moreover, they are invaluable tools to better understand the physical phenom-
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ena involved during the interaction of PEFs at cellular, molecular, organs and

whole body level.

2.1. Dielectric dispersion model

The dielectric properties of biological tissues strongly depend on the bound
water content. In particular, the dielectric response in frequency domain of
tissues having high water content can be described by a Debye model [24], i.e
a simple exponential expression with a single relaxation time. The disordered
nature and microstructure of biological matter as well as the supracellular or-
ganization in such materials, often taking the form of fractal structures, trigger
different polarization mechanisms which induce multiple relaxation times and
a non-symmetric time-domain response. As result, the experimental dielectric
response in frequency domain usually cannot be modeled by an exponential law
based on Debye-type dispersion or combination of such dispersions, and more
complex empirical dispersion functions have to be taken into account. Thus, in
order to model realistic electromagnetic wave propagation over broad frequency
range and the multi-relaxation phenomena, the complex permittivity of each
biological tissue, ¢,, has been modeled using the following Havriliak-Negami
relationship:

e =g *J{:‘”*ETOCJFZ%*ij (1)
1+ (jwrp)™]™ weo
where w = 27f is the angular frequency, ¢, is the relative permittivity for
w — 400, Ag,, and 7, are the amplitude change and relaxation time of the
p-th relaxation process, N is the number of relaxation processes, o is the static
ionic conductivity, 0 < «a,, 8, < 1 are heuristically derived power-law exponents,
and g is the free space permittivity.

The main constituent of the healthy human skin is the free water (around
70% by weight). The remaining 30% is the biological background material
mainly composed by bound water, keratin, lipids and collagen. As result, the
interaction of electromagnetic field with skin at the Terahertz band can be in-

vestigated by considering the propagation inside the effective medium resulting
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Figure 2: The considered layered structure.

by the binary mixture of water and biological background material. Most recent
studies of electromagnetic channel at the Terahertz band for the body-centric
nano-networks are based on such an approach treating the skin tissue as a
homogeneous semi-infinite medium [I4, 20]. Unfortunately, the water concen-
tration in the binary mixture varies in a complex way. As a consequence, a
semi-infinite effective slab model employing an average water content would not
correctly predict the behavior of Terahertz electromagnetic waves propagation
in human skin. To this aim, a non-homogeneous model of the skin tissue based
on stratified media stack has been taken into account. It consists of stratum
corneum, epidermis, dermis and fat, as in the schematic diagram is Figure

The dielectric properties of stratum corneum, epidermis, dermis and fat in
a desired frequency range, as well as the thickness of each layer have been
calculated by considering experimental results reported in the literature [25] 20,
27, 28]. In particular, the permittivity has been interpolated through Eq. ,
by minimizing the following error function:

f o |er,exp (W) — gr(w)|2dw
err = —min <4, (2)

Wmax 2
L5 o) P

Wmin
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where 0 is the maximum tolerable error, €, oxp is the measured permittivity, and
€, represents the general Havriliak-Negami dielectric response.

The set of parameters related to each layer of the considered stratified media
stack have been reported in Table[l} These values have been obtained by using
Eq. in a bandwidth ranging from 0.5 THz to 1.5 THz (i.e., the one considered
in our study, as described in Section |3)) and by setting N = 2.

Table 1: Havriliak-Negami parameters of the recovered complex permittivity function

Parameter Stratum Corneum  Epidermis Dermis Fat
ai 1 0.95 0.92 1
g - - 0.97 0.89
B1 1 0.96 0.8 0.78
B2 - - 0.99 0.90

71 (ps) 15.9 15.9 1.6 2.3
72 (ns) - - 159 15.9
AN 12.22 89.61 5.96 1.14
Aer, - - 380.4 9.8
o (S/m) 0.035 0.01 0.1 0.035
€roo 2.4 3 4 2.5
d(mm) 30 x 1073 0.35 1 00

2.2. Fractional-Calculus-Based FDTD method

The full wave FDTD method is the most recognized, powerful and efficient
numerical technique which solves Maxwell’s equations directly in the time do-
main. Due to its simplicity, low computational footprint as well as its capability
to model in a straight-forward and effective way many type of dispersive media,
FDTD method is widely utilized for simulating the propagation of electromag-
netic waves and their interaction with biological media. Taking into account
that the Havriliak-Negami relationship includes fractional powers of angular
frequency jw, the design of the FDTD algorithm requires special treatments. In
fact, the approximation of fractional derivatives has to be embedded into the

simulator. To this aim, a FDTD scheme based on Riemann-Liouville theory of
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fractional differentiation has been derived. In particular, in combination with
the basic time-marching scheme, it directly incorporates a series representation
of the Riemann-Liouville fractional derivative operator, the multiple relaxation
times and ohmic losses occurring in biological media, as well as a dedicated
uniaxial perfectly matched layer boundary conditions. In particular, applying
a second order accurate finite-difference scheme and the procedure detailed in
appendix section for the finite-difference discretization, the the electric field, &,
and the magnetic field H can be calculated in detail.

The electromagnetic source is a plane wave propagating along the positive
z-direction with electric field linearly polarized along the x-axis. In particular,
the time-domain signal source is an electric current density J o placed at a given

position z = 7 inside the computational domain:

Tolz,t) = exp{a2 <t — 2)2} sin [27rf0 (t - 2)} §(z—2)%, (3)

where the parameters fo = 1 THz and 1/a = 100 fs have been selected to achieve
a bandwidth from 0.5 THz to 1.5 THz. The considered time and spatial steps
are At = 10 fs and Az = 6 um, respectively. The validation of the developed
numerical procedure has been illustrated in detail in our previous papers |21}, [22]
23]. In particular, numerical results have been presented for various test cases
and compared with those calculated by using a fully analytical approach based
on the analytical Fourier transform. There reference contributions demonstrate
the accuracy of the proposed FDTD method in the study of broadband wave
propagation in complex and stratified dispersive media.

Figures 3] (a) and[3](b) show the modulus of the normalized electric field, £,
and the magnetic field, H, respectively, as a function of the time and the distance
between source and destination nodes. Many details about the analytical model
used to calculate £ and #H have been discussed in the Appendix.

To provide a further insight, the Poynting vector, S(w, z), is also reported

in Figure [d In particular, it has been calculated as:

S(w,z) =E x H",
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E and H are the Fourier transform of £ and #, respectively.

In Figures B}f4] it can be observed the multiple reflected waves generated by
the stratified media stack as well as the main reflection phenomenon occurring
at the air-skin interface. Moreover, it is evident the wave pulse spreading due

to the propagation inside the dispersive biological media.

2.3. Path loss model and Noise power spectral density

Let A(w,Zz) be the total path loss of PEFs traveling inside the considered
layered system. It is due to both spreading and absorption effects:

Aw,2)

= As(w, 2)

dB

+ Ay(w, 2)
dB

; (4)

dB
where z = z — zg is the total path length, zy being the z-coordinate of the

reference section, A; and A, are the spreading path loss and absorption path
loss due to the expansion of a wave and molecular absorption in the biological

tissue, respectively.

11
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The spreading path loss is generated by the expansion of waves in human

tissues. It can be defined as:

As(w,2) 20log (4 /Z dz ) (5)
s\W, = m N 7N
dB 20 /\g(w,z)
where
Agi(w,2) 0<z<z
Aga(w,z) 21 <z< 2z
Ag(w, 2) = (6)
Ag3(w,z) 2 <2<z
Agalw,z) z> z3
and
A
Mgk = 0 k=1,2,3,4 (7)

(L]
S~
End

E// & o 2
é 1+ E’ﬁ + wege! 1
r,k Ogr,k
is the wavelength of the plane wave propagating in the k-th lossy media and A
is the free-space wavelength.

The absorption path loss, instead, is due to the absorption of human tissues.

It is defined as:
S(w, 2)

Aq(w,7)|  =10log Sz (8)

dB
where S(w, z) is the Poynting vector, as defined in the previous subsection.

Figures [5 [0 and [7] show the spreading path loss, the absorption path
loss, and the total path loss, respectively. As expected, the Terahertz band
is frequency-selective and propagation losses increase with both frequency and
distance between source and destination nodes. Nevertheless, the obtained re-
sults clearly show that the total path loss is mainly influenced by absorption
phenomena, which are able to generate a loss up to 6 times higher than the one
introduced by the expansion of waves.

As already described in [15], the noise power spectral density, N(w,Z), is

mainly influenced by the molecular absorption. Therefore, given Toq(w, z) the

12
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equivalent noise temperature due to molecular absorption, it can be computed

N(w7 z) = kBTeq(wvz)’ 9)

where kp is the Boltzmann constant.
According to [20], the equivalent noise temperature due to molecular ab-

sorption can be computed as:

(10)

Teq(w, 2) =Ty [1 _ M]

S(w, zp)
where Ty = 310 K is the normal body temperature and S(w, z) is the Poynt-
ing vector. It is important to remark that the equivalent noise temperature is
mainly caused by the molecular internal vibration. In particular, during the
propagation inside the lossy biological medium, the electromagnetic field is ab-
sorbed and a part of its energy is converted to heat. As result, the equivalent
noise temperature shows a frequency and distance dependence since it maintains
the same dependence of the propagation losses. This occurrence is modeled by
the term 1 — S(w, 2)/S(w, 20), which describe the channel emissivity.

From Figure [§] it is also worthwhile to note that equivalent noise temper-

ature increases with the distance. Indeed, the electromagnetic field is mainly

14
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absorbed within the skin layers and at the level of millimeters (i.e., inside the
fat) the whole medium transmissivity can be neglected. As result, the molecular
noise temperature is not extremely high (approximately 310 K) at the level of
millimeters. Therefore, the communication link with acceptable signal to noise

ratio can exist within the human tissue in the Terahertz band.

3. Analysis of in-body communication capabilities

Nano-antennas generally support electromagnetic communications in the
Teraherthz band [20]. Therefore, the physical interface of a BANNET may use a
bandwidth ranging from a few hundred of gigahertz to almost 10 THz. But the
design of an efficient modulation scheme for Teraherthz communications is not
an easy task. In fact, due to the size and energy constraints of nano-machines,
classical communication techniques based on the transmission of signals with
long duration cannot be used in this context. On the contrary, considering the
huge available bandwidth, it is preferable to encode the information by using
short pulses spread on the whole bandwidth. By taking into account this impor-
tant constraint, a promising modulation technique is the Time Spread On-Off

Keying (TS-OOK), which ensures both high energy and communication effi-

15
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ciency [10][29]. With TS-OOK, a logical 1 is encoded as a short pulse and a
logical 0 is encoded as a silence. Moreover, due to technological limitations (i.e.,
the communication unit can work only with a very low duty-cycle), the time
between two consecutive pulses should be much longer than the pulse duration.
TS-OOK offers two important advantages. From one side, it does not require
synchronization among nano-devices before the transmission of a message. From
another side, it also allows the sharing of the medium among multiple users. In
fact, since the time between the transmission of two consecutive pulses has to
be much longer than the pulse duration, several nano-devices can concurrently
send sequences of pulses slightly time-shifted, without incurring in collisions.
Communication capabilities strongly depend on the frequency distribution of
the transmitted power, P;,. Moreover, in line with [20] and [I5], three different
communication schemes are taken into account for evaluating channel capacity

and transmission ranges available in a BANNET. They are:

e Flat communication: it assumes that the total transmitted power is

uniformly distributed over the entire operative bandwidth.

e Pulse-based communication: by taking into account the capabilities
of graphene-based nanoelectronic, the pulse generated by a nano-machine,
i.e., the wave form used to transmit the logical ‘1’, is modeled with a n-th

derivative of a Gaussian-shape

e Optimal communication: it aims at maximizing the overall channel
capacity by optimally adapting the power allocation as a function of

frequency-selective properties of the channel.

Now, with reference to the channel model described in the previous Section
and set of baseline transmission schemes summarized before, the communication
capabilities (expressed in terms of channel capacity and related transmission
ranges) of electromagnetic-based nanoscale communications in human tissues
are analytically evaluated.

In line with [9] [IT], 05, 20, B0, 29], the pulse energy and the pulse dura-

16
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tion have been set to 500 pJ and 100 fs, respectively. Therefore, the resulting
transmitted peak power is equal to Py, = 500 pJ/100 fs = 5 kW. Moreover, the
considered operative bandwidth has been set to 1 THz, ranging from 0.5 THz to
1.5 THz. Finally, when the pulse-based transmission scheme is used, the deriva-
tive order and the standard deviation of the Gaussian pulse are set to 4 and
0.15, respectively.

First of all, in order to highlight the main difference between the transmis-
sion techniques described in the previous Section, their power spectral density
profiles have been depicted in Figure[d} As expected, when the flat transmission
scheme is used, the total power is uniformly distributed in the frequency domain
and the resulting power spectral density level is always equal to 5 nW /Hz per
sub-band. A slightly different behavior is provided by the pulse-based transmis-
sion scheme: its power spectral density profile follows a bell-shaped trend, which
reaches minimum values (= 2.81 nW/Hz) in the lower and higher portion of the
bandwidth and the maximum value (= 5.84 nW/Hz) around 1.07 THz. There
are two main comments emerging from analysis of the aforediscussed transmis-
sion techniques. From one side, the power profile does not change with the
distance between source and destination node. From another side, the power
is always distributed over the entire operative bandwidth, that is there are not
unused sub-bands. Completely different considerations can be done for the opti-
mal transmission scheme. The optimal strategy prefers to distribute the power
only to a subset of frequencies that experience better propagation conditions.
Therefore, in line with the path loss model reported in Figure [7} only the first
portion of the bandwidth is exploited for the transmission and the number of
used sub-bands decreases as the distance between source and destination node
increases (to provide a valid example, Figure |§| shows the optimal power profile
computed when the transmission distance is set to 2 mm and 3 mm).

Now, let P(w;, 2) be the power spectral density that the generic transmission
sets for the i-th sub-band and when the distance between source and destination

node is equal to zZ. The Signal-to-Noise Ratio (SNR) measured for the i-th

17



270

275

280

-- Flat

—Pulse-based
2 - -Optimal, Dist = 2 mm
107 ~e-Optimal, Dist = 3 mm/}

Power spectral density (nW/Hz)

-1 ‘
10 0.5 1 1.5
Freq. (THz)

Figure 9: Power spectral densities of the considered transmission schemes.

sub-band at a distance z is equal to: % Figures and
report the SNR obtained when the flat, pulse-based, and optimal transmission

schemes are used, respectively. In this context, conducted tests demonstrate
that flat and pulse-based transmission schemes register an SNR that decreases
when both the distance between source and destination node and the frequency
increase. Of course, this result is completely in line with the path loss trend
already investigated in the previous Section. When the optimal scheme is used,
instead, two key aspects emerges. First, it is possible to note that the SNR
can be evaluated just of a sub set of frequencies, that are those used for the
transmission. Second, the adoption of the optimal power profile brings to SNR,
values that slightly reduces with the distance between communicating nodes,
while maintaining similar values in the frequency domain.

To conclude, the upper bound of channel capacity in human tissues has been
estimated. For jointly considering technological constraints (specifically, the
inverse of the pulse duration) and the Shannon theorem, it has been evaluated

by:
— 3 1 P(w;,2)
C(E)mm{Pd»Ei:Aflng [HW}} (1)

Obtained results are reported in Figures [I3}[I5] alongside the values of the
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channel capacity available in the literature and referring to homogeneous me-
dia (see [I1],[14], and [I5]). As expected, the channel capacity decreases with
the distance between source and destination node. Moreover, it is possible to
observe that the optimal transmission scheme ensures the highest performance
thanks to its ability to optimally adapt the power distribution in the frequency
domain as a function of the attenuation level. On the other hand, the pulse-
based approach registers the worst condition because it is not able to allocate a
satisfactory amount of power in sub-channels experiencing the worst path loss.
From the obtained results, it is evident that a physical data rate in the order of
Thps can be only reached for transmission ranges less than 2 mm. Furthermore,
when the distance between source node and destination device exceeds 9 mm,
communication capabilities are extremely injured (i.e., the physical data rate
becomes lower than 1 bps). Obtained results clearly confirms that the propa-
gation of electromagnetic waves in human tissues is significantly impaired: the
estimated channel capacity and the related communication ranges are notably
reduced with respect to those achievable in the air medium. Moreover, differ-
ently from what discussed in [I1],[I4], and [I5], our findings show more accurate
performance indexes reachable in a BANNET. They, in fact, take care of the sig-
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nal transmission in inhomogeneous human tissues modeled through a stratified

medium stack.

4. Conclusions

This paper investigated the propagation of Pulsed Electric Field in human
tissues modeled with a stratified media stack made up by stratum corneum,
epidermis, dermis, and fat. Indeed, starting from an accurate modeling of
the electromagnetic problem, propagation losses and molecular absorption noise
temperature have been calculated as a function of both frequency and commu-
nication distance. Then, reference transmission schemes, recently proposed in
the literature, have been used for quantifying the upper bound of the channel
capacity and related transmission ranges. Obtained results demonstrated that
Terahertz communications in human tissues are extremely challenging. Since
the supported transmission ranges are very limited, the provisioning of advanced
healthcare applications requires the development of effective Body Area Nano-
NETworks, supporting multi-hop network topologies and sophisticated channel
access schemes. In the future, we plan to further investigate the propagation

issues by also considering the possibility to locate source and destination node
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inside and outside the human body, as well as to conceive novel networking
solutions able to support specific applications in upcoming Body Area Nano-
NETworks, trying to ensure the service also with the identified intrinsic physical

limits.

Appendix

To examine the behavior of the electromagnetic field propagation in dielectric

materials, the integration of curl Maxwell’s equations has to be performed:

D
vxm=22 17 (12)
OH

where D is the electric displacement field, £ and H are the electric and magnetic
field, respectively, Jo is the electromagnetic field source, pg is the magnetic
permeability of free space.

To calculate the spatial and temporal distributions of the electromagnetic
fields in a generic dispersive medium, the constitutive relation between the elec-
tric and magnetic fields has to be combined with the equations[T2}fI3] In a linear

time-invariant medium, it can be written, in frequency domain, as:
D(w) = eper(w)E(w), (14)

where €, is defined by Eq. , D and E are the Fourier transform of D and &,
respectively.

Let us consider the following approximated fractional expansion:

Kmaa:,p

p(jwry) = [1+ (wrp) ™" & 3 xnp (wry) (15)

n=0
where he parameters 0 < x,, < a and 0 < (,p < b, with a and b denot-
ing assigned positive real numbers calculated by minimizing a suitable error

function.
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Upon substituting Eq. in Eq. , and applying the inverse Fourier
transform, it is straightforward to rewrite Eq. as:

OE al
VX’H:eoemoE-l-US-i-pz::lJp-i-Jm (16)

where the k-th term of the auxiliary displacement current density, J, is a solu-
tion of the equation:

o€
PP ) = coler, 5 (17)

Now, by replacing Eq. in Eq. , it can be obtained

67’00
V><7-L—A D(k)jk_o€+z.7p+..70 (18)

p=1

Note that Eq. involves the fractional derivative operator, ng), defined as:

ma.z k

= F I (jwrs)} Z Xn, kTC" ED§mE (19)

30  where Df"’k is the time derivative of fractional order ¢, .
By using the Riemann-Liouville definition of fractional derivative, the fol-
lowing equation is derived:

t
dqv (t _ u)V—Cn,k—l

Cn,k
DS
Tk =g T(v = Cor)

Jkdu (20)

where v is an integer number such that v —1 < ¢, , < v and I'(-) is the gamma
function.
By setting .
I, = / (t—u)" " Trdu (21)
0
and considering the central finite difference approximation with time step At,
Eq. evaluated at the general time instant ¢ = mAt becomes
(I+1)At

m—1
1
ICn,k|m ~ Z Jklm—l—§ / uV—Cn,k—ldu
=0

LAt
Qn k

AtV —Cn.k ; (Cn.k)
~ a({n,k)equ ljk|m7l7% (22)
V= Cn,lc

q=1
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where

X (o) v
Z al k) g=bg ~ (l + 1) nk lu—ﬁn,k (23)
q=1
By setting
o) _ = (k) b el (k) b (k)
Yg "t :Zaq” e Tkl 2=ag"V Tk reT g
1=0
(24)
Eq. can be rewritten as:
Qn
AtV —Snk L P )
Ig k‘m ~ A(Cn,k)Jk‘mfé + Z e ba k w((](n,k)‘mfl ’ (25)
" V= Cn,k a=1
where
Qn,k
A(Cn,k) — Z a((]Cn,k). (26)
qg=1

Considering Eq. , the vth-order time-derivative of Z, , calculated at

the time instant ¢t = mAt can be approximated as:

d"Ze, . 1 - v
kMmoo -1 s I m—s—+1
o~ o o0 () e

s=0
AtV —Cn.k | v v .
A pu— g | () Tlmtz 4+ -1 S< >J m—st+g| |
vV —Cnk { d ;( ) s k|

Qn.k

- sV —_p{enik) n.k)|m—s
DY) RN (27)
s=0 q=1

Moreover, Eq. calculated at the time instant ¢t = mAt becomes

N
VX H" - Zr:o ,Dt(k)jk|m = gE|™ + ij‘m + Jol™, (28)
Tk

p=1
and applying a second order accurate finite-difference scheme both electric and
auxiliary displacement current fields can be written as
g
-

jp|m7% + Jp|m+%
5 .

gm

Jp|m:
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In addition,

771.(1.1 k

,Dt(k)s’fk‘mi Z XnkTs an

Cn k |m
tl/
TYL(LI‘ k UV

= Gnp) jk|m+2 + Z Zg(an)Jk‘mfer%Jr

maa: k UV Qn k

U S ks s, (31)

= s=1 g=1
where
Knlar k Cn k v—Cp,
CGnr) — Z XnkTp" " (ALY 6 kA(C"’k) (32)
n=0 v —= Cn,k
Cn k —
n AtV Cnk
r(LC,gk) =(-1)° ( )X KTk (A?) AGnk) (33)
s Cn,k
—b“"’k)
(Cn,k) . € ¢ (an)
n,s,q = A(C"k) gn,s (34)

By using Eqs. —, Eq. can be rewritten as:

Kerm+2€0) Ao T ]Jl + Z T2 =

p 1,p#k
1 oAt
— (v s mE g ——
(V )"~ o] ZJ ol - g (et 5o )
Kmaz,k v m-sty Kmaz,e v Gn,ay ( ) )m—s
SN S Y s v ] )
n=0 s=1 n=0 s=0 g=1

Finally, the update equations for the electric field, £, and the magnetic field,
H are:

1 2¢p€, . — oAt _1 2At
m+35 0€r m m
2 — 2 V
£l 2eg€r,, + oAt | * 2e0€r,, + oA l( X H)"+
1 N 1 1
= (Jp\’"—i + Jp|m+2)] , (36)
p=1
At mat 1
H|"T = H| - " (V x £)|™*% . (37)
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